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Abstract. The cross correlation between the thermal Sunyaev-Zeldovich (tSZ) effect and
gravitational lensing in wide field has recently been measured. It can be used to probe the
distribution of the diffuse gas in large scale structure, as well as inform us about the miss-
ing baryons. As for any lensing-based quantity, higher order lensing effects can potentially
affect the signal. Here, we extend previous higher order lensing calculations to the case of
tSZ-lensing cross correlations. We derive terms analogous to corrections due to the Born
approximation, lens-lens coupling, and reduced shear up to order O(Φ4) in the Newtonian
potential. Redshift distortions and vector modes are shown to be negligible at this order.
We find that the dominant correction due to the reduced shear exceeds percent-level only at
multipoles of ` & 3000.
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1 Introduction
Even though both the direct detection of dark matter and its microscopic description have
proven to be elusive so far, its macroscopic behaviour is thought to be well understood. The
large scale clustering of dark matter has been observed though gravitational lensing and has
been found to agree with theoretical predictions, see [1] for a review and [2] for an overview of
the recent results with the Canada France Hawaii Telescope Lensing Survey (CFHTLenS). On
small scales its clustering behaviour has been modelled with N-body simulations to relatively
high precision [3]. Conversely, even though the microscopic behaviour of baryons is fully
understood, half of the universe’s baryon content is in a hitherto unobserved state [4, 5]; the
missing baryon problem.
A significant fraction of these missing baryons might reside in a warm, low density phase
beyond galactic halos[6]. By cross correlating thermal Sunyaev-Zeldovich (tSZ) effect maps,
which traces warm electrons, and mass maps derived from weak gravitational lensing data,
there is now observational support for the possibility that a significant fraction of the baryons
indeed reside in such a phase [7–9].
Future surveys with large sky coverage [10, 11] will produce data whose precision war-
rants a more sophisticated theoretical treatment than has been necessary so far. In this work
we investigate the effect of higher order lensing terms on the tSZ-lensing cross correlation.
There has been considerable effort to characterize higher order contributions to correlations
of lensing observables [12–23]. Some of these higher order effects, like the rotation power
spectrum, have been successfully observed in high-resolution ray-tracing simulations [24, 25].
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Building on this corpus of previous work, we derive analogous contributions to the tSZ-lensing
cross correlation.
In section 2 we introduce the notation and recapitulate the first order results. In section
3 we investigate the higher order corrections. The terms related to the Born approximation,
i.e., the evaluation of the integrals along the unperturbed photon path, and lens-lens coupling
are derived in section 3.1. The observed quantity in weak gravitational lensing is the reduced
shear. Corrections due to its the non-linear relation to the shear and convergence are derived
in section 3.2. We also consider redshift distortions in section 3.3 and vector modes in section
3.4 and show that they do not contribute to the order we are considering.
2 First order
In the Newtonian gauge the perturbed Robertson-Walker (RW) metric without anisotropic
stresses can be written as
ds2 = a(η)2
[−(1 + 2Φ)dη2 + (1− 2Φ) (dχ2 + dA(χ)2dΩ2)] , (2.1)
with dA(χ) the comoving angular diameter distance and χ the comoving radial distance. We
will henceforth work in units where c = 1. The potential Φ is assumed to be small, i.e.,
Φ << 1. The first order solution to the geodesic deviation equation at a comoving distance
χ from the observer is then [1, 12, 26]
xi(~θ, χ) = dA(χ)θ
i − 2
∫ χ
0
dχ′dA(χ− χ′)Φ,i(~x(~θ, χ′), χ′) , (2.2)
where ~θ represents the angle between the perturbed and fiducial ray at the observer. Vector
quantities are denoted by lowercase Latin indices and partial derivatives with respect to
comoving transverse coordinates, i.e., those perpendicular to the line-of-sight, are denoted
by a comma. We make use of the sum convention where repeated indices are summed over.
Unless otherwise noted, this sum only includes the two transverse directions. The Jacobi
map is defined as the derivative of the deflection angle ~x(
~θ,χ)
dA(χ)
with respect to ~θ, i.e.,
Aij(~θ, χ) = ∂x
i(~θ, χ)
dA(χ)∂θj
= δij − 2
∫ χ
0
dχ′
dA(χ− χ′)dA(χ′)
dA(χ)
Φ,ik(~x(~θ, χ
′), χ′)Akj(~θ, χ′) . (2.3)
It can be expressed in terms of the convergence κ, shear γ1, γ2, and rotation ω as
Aij =
(
1− κ− γ1 −γ2 − ω
−γ2 + ω 1− κ+ γ1
)
= δij − ψij . (2.4)
Here we have introduced the distortion tensor ψij as a measure of the deviation from the
identity map. The convergence is then given by the trace of the distortion tensor
κ =
1
2
ψii . (2.5)
Using (2.3) and (2.5), we find for the first order convergence
κ(1)(~θ, χS ) =
∫ χ
S
0
dχ′K(χS , χ
′)Φ,ii(dA(χ′)~θ, χ′) , (2.6)
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where we have defined the kernel
K(χS , χ
′) =
dA(χS − χ′)dA(χ′)
dA(χS )
Θ(χS − χ′) . (2.7)
Equation (2.6) describes the convergence due to a single source at a comoving distance
χS = χ(zS ) from the observer. The convergence of a population of sources with redshift
distribution n(z)dz is found by averaging over the sources with n(z) as the weighting factor.
One then finds
κ(1)(~θ) =
∫ ∞
0
dχ(z)p(z)
dz
dχ
κ(1)(~θ, χ(z)) =
∫ ∞
0
dχW κ(χ)Φ,ii(dA(χ)~θ, χ) , (2.8)
with the kernel given by
W κ(χ) =
∫ ∞
χ
dχ′p(z)
dz
dχ′
K(χ′, χ) . (2.9)
The tSZ effect involves the inverse Compton scattering of CMB photons off relativistic
electrons [27]. This introduces a frequency dependent temperature shift ∆T in the observed
CMB temperature. The temperature shift at position ~θ on the sky and frequency ν can be
parameterized as
∆T
T0
(~θ, ν) = y(~θ)SSZ(ν) , (2.10)
where the Compton y(~θ) parameter encodes the spatial and SSZ(ν) the spectral dependence.
The Compton y parameter is defined as the line-of-sight integral over the electron pressure.
In this work we adapt the constant bias model of [7] to simplify the analysis. It has been
shown in [8] that the constant bias model is consistent with a halo model approach, thus
justifying the use of the simpler model. For a constant bias, the y parameter can be written
as an integral over the density contrast δ, i.e.,
y(~θ) =
∫ χH
0
dχW˜ y(χ)δ(~x(~θ, χ), χ) , (2.11)
where χH is the comoving distance to the surface of last scattering. We express the density
contrast in terms of the Newtonian potential through the Poisson equation as
y(~θ) =
∫ χH
0
dχW˜ y(χ)
2a∆Φ(~x(~θ, χ), χ)
3H20 Ωm
=
∫ χH
0
dχW y(χ)∆Φ(~x(~θ, χ), χ) , (2.12)
where we have absorbed the factors from the Poisson equation in the new kernel W y(χ).
Ultimately, we are interested in the angular cross power spectrum Cyκ` . In this work
we assume that the convergence is derived from shear measurements of galaxy surveys. The
sky coverage of these surveys is still relatively small, although this will not be the case of
future surveys such as Euclid and LSST, allowing the analysis to proceed in the flat-sky
approximation. Using the definition of the 2d Fourier transform (A.2), we can write the
angular cross power spectrum of yˆ(~`) and κˆ(~`) as
〈yˆ(1)(~`1)κˆ(1)(~`2)〉 = (2pi)2δ2D(~`1 + ~`2)C(2)`1
=
∫ χH
0
dχdχ′W y(χ)W κ(χ′)
|~`1|2
dA(χ)2
|~`2|2
dA(χ′)2
〈φˆ(~`1, χ)φˆ(~`2, χ′)〉 ,
(2.13)
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where we have dropped the contributions of the derivatives along the line-of-sight in (2.12).
Under the Limber approximation [28, 29] one assumes that the transverse modes are much
large than the longitudinal modes, i.e., `dA(χ)  k3. This ceases to be true on large scales,
where extensions to the Limber approximation such as [30] or an exact full-sky treatment have
to be employed. For the scales of interest in this work the Limber approximation is sufficient
though. In fact, it has been shown in [22] that the lowest order Limber approximation is an
excellent fit down to multipoles of ` ∼ 20. Expressing the two-point function in (2.13) in
terms of the power spectrum (A.5) we find for the y-κ cross power spectrum
〈yˆ(1)(~`1)κˆ(1)(~`2)〉 = (2pi)2δ2D
(
~`
1 + ~`2
)∫ χH
0
dχW y(χ)W κ(χ)
|~`1|4
dA(χ)4
PΦ
(
|~`1|
dA(χ)
, χ
)
.
(2.14)
Note that upon replacing the kernel for the y parameter W y with W κ, one recovers the well
known expression for the angular power spectrum of the convergence.
3 Corrections
To consistently treat fourth order corrections to the cross spectrum we need to include terms
up to third order in Φ of the Compton y parameter and convergence κ [13]. Indeed, it has been
shown in [19] that divergences in second-second order cross terms cancel with corresponding
divergences in first-third order cross terms. It is thus important to find expressions for the
two fields y and κ up to third order. A full sky treatment of lensing observables to even
second order is already a formidable task [20–22]; a full sky derivation to third order would
be beyond the scope of this work. Fortunately, the calculations can be simplified greatly
by restricting ourselves to small scales. We follow [15] to identify the terms that contribute
dominantly at small scales and those that can be neglected.
Broadly speaking, on small scales terms with the most angular derivatives are expected
to dominate. At second order this are the well known Born approximation, lens-lens coupling,
and reduced shear contributions [12, 13, 15, 16, 18, 19, 31]. Third order terms derived from
the aforementioned have at least the same number of angular derivatives and are therefore
expected to be the dominant third order contributions. We discuss these contributions in
section 3.1 and section 3.2.
Recent work by [23] found that contributions from peculiar velocities to the convergence
can be as large as the primary contribution from scalar modes in certain redshift ranges.
Even though peculiar velocities formally affect the convergence at first order, they affect
the shear only at second order [32]. In the case where the convergence is derived from shear
measurements, as we assume in this work, the effect of peculiar velocities enters only at second
order. We investigate the effect of peculiar velocities in section 3.3. Vector modes induced
by second order perturbations have been shown to yield corrections of similar magnitude as
traditional Born and lens-lens terms [23]. We show that vector modes do not contribute to
the y-κ cross spectrum at fourth order in section 3.4.
To distinguish the different corrections to the convergence we denote them by subscripts;
κstd refers to corrections due to Born approximation and lens-lens coupling, κrs to corrections
due to the reduced shear, κz, and κv to corrections due to redshift distortions and vector
modes, respectively.
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3.1 Born approximation and lens-lens coupling
For the derivation of the Born and lens-lens coupling terms we roughly follow [19], in that
we expand the solution to the geodesic deviation equation (2.2) systematically in powers of
Φ. Alternatively, one could expand the terms in the distortion matrix (2.3), which makes the
physical meaning of the terms more apparent.
We expand the comoving transverse displacement in powers of the potential Φ as
~x = ~x(0) + ~x(1) + ~x(2) + ~x(3) +O(Φ4) , (3.1)
where the superscript in parentheses denotes the order of the expansion. The zeroth and first
order contributions are given by
~x(0) = dA(χ)~θ, x
(1)i(~θ, χ) = −2
∫ χ
0
dχ′dA(χ− χ′)Φ,i(dA(χ′)~θ, χ′) . (3.2)
The higher order contributions can be found by Taylor expanding Φ(~x) in (2.2) around the
zeroth order solution ~x(0)(~θ, χ) = dA(χ)~θ. The potential can then be expanded as Φ =
Φ(1) + Φ(2) + Φ(3) +O(Φ4), with
Φ(1)(~x) = Φ(~x(0))
Φ(2)(~x) = Φ,i(~x
(0))x(1)i
Φ(3)(~x) =
1
2
Φ,ij(~x
(0))x(1)ix(1)j + Φ,i(~x
(0))x(2)i .
(3.3)
By replacing the Φ with Φ(2) in (2.2), we can write the second order deflection angle as
x(2)i(~θ, χ)
dA(χ)
= −2
∫ χ
0
dχ′
dA(χ− χ′)
dA(χ)
Φ
(2)
,i (~x(
~θ, χ′), χ′)
= 4
∫ χ
0
dχ′
∫ χ′
0
dχ′′K(χ, χ′)
K(χ′, χ′′)
dA(χ′′)
Φ,ij(χ
′)Φ,j(χ′′) ,
(3.4)
where we have dropped the angular dependence of the potentials for brevity. We adapt this
shorthand for the rest of this work, i.e., unless otherwise noted Φ(~x(0)(~θ, χ), χ) is written as
Φ(χ). Analogously, the third order deflection angle can be written as
x(3)i(~θ, χ)
dA(χ)
= −4
∫ χ
0
dχ′
∫ χ′
0
dχ′′
∫ χ′
0
dχ′′′K(χ, χ′)
K(χ′, χ′′)K(χ′, χ′′′)dA(χ′)
dA(χ′′)dA(χ′′′)
× Φ,ijk(χ′)Φ,j(χ′′)Φ,k(χ′′′)
− 8
∫ χ
0
dχ′
∫ χ′
0
dχ′′
∫ χ′′
0
dχ′′′K(χ, χ′)K(χ′, χ′′)
K(χ′′, χ′′′)
dA(χ′′′)
× Φ,ij(χ′)Φ,jk(χ′′)Φ,k(χ′′′) .
(3.5)
3.1.1 Convergence
Equipped with second and third order expressions for the deflection angle it is straightforward
to derive expressions for the convergence. Using the relation of the convergence to the trace of
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the distortion tensor (2.5), we can readily write down the second and third order expressions
for the convergence. At second order this is
κ
(2)
std(
~θ, χS) = −2
∫ χS
0
dχ′
∫ χ′
0
dχ′′K(χ, χ′)K(χ′, χ′′)
×
(
dA(χ
′)
dA(χ′′)
Φ,iij(χ
′)Φ,j(χ′′) + Φ,ij(χ′)Φ,ji(χ′′)
)
.
(3.6)
The first term in the bracket is the well known Born term, while the second is the lens-
lens coupling term. The extra factors of the comoving angular distance dA(χ) arise because
the derivative in (2.3) is with respect to the angular deviation ~θ, whereas the potential is a
function of the comoving transverse distance ~x(0) = dA(χ)~θ.
The third order expression for the convergence is analogously found to be
κ
(3)
std(
~θ, χS) = 2
∫ χS
0
dχ′
∫ χ′
0
dχ′′
∫ χ′
0
dχ′′′K(χ, χ′)K(χ′, χ′′)K(χ′, χ′′′)
×
(
dA(χ
′)2
dA(χ′′)dA(χ′′′)
Φ,iijk(χ
′)Φ,j(χ′′)Φ,k(χ′′′)
)
+ 4
∫ χS
0
dχ′
∫ χ′
0
dχ′′
∫ χ′
0
dχ′′′K(χ, χ′)K(χ′, χ′′)K(χ′, χ′′′)
×
(
dA(χ
′)
dA(χ′′′)
Φ,ijk(χ
′)Φ,ji(χ′′)Φ,k(χ′′′)
)
+ 4
∫ χS
0
dχ′
∫ χ′
0
dχ′′
∫ χ′′
0
dχ′′′K(χ, χ′)K(χ′, χ′′)
K(χ′′, χ′′′)
dA(χ′′′)
× ∂
∂θi
(
Φ,ij(χ
′)Φ,jk(χ′′)Φ,k(χ′′′)
)
.
(3.7)
The term on line 2 corresponds a second order Born correction, the term on line 4 to a
mixed Born-lens-coupling, and the three terms on line 6 to a second order Born correction,
Born-lens-coupling, second order lens-lens coupling, respectively.
3.1.2 Compton y parameter
The second and third order contributions to the Compton y parameter are somewhat easier
to derive, as there are no lens-lens coupling terms. As in the case of the convergence, we
replace Φ in (2.12) by its expansion (3.3). The second order contribution to the y parameter
is then
y(2)(~θ) = −2
∫ χH
0
dχ′
∫ χ′
0
dχ′′W y(χ′)K(χ′, χ′′)
dA(χ
′)
dA(χ′′)
Φ,iij(χ
′)Φ,j(χ′′) . (3.8)
The third order term follows analogously and is given by
y(3)(~θ) = 2
∫ χH
0
dχ′
∫ χ′
0
dχ′′
∫ χ′
0
dχ′′′W y(χ′)K(χ′, χ′′)K(χ′, χ′′′)
dA(χ
′)2
dA(χ′′)dA(χ′′′)
× Φ,iijk(χ′)Φ,j(χ′′)Φ,k(χ′′′)
+ 4
∫ χH
0
dχ′
∫ χ′
0
dχ′′
∫ χ′′
0
dχ′′′W y(χ′)K(χ′, χ′′)K(χ′′, χ′′′)
dA(χ
′)
dA(χ′′′)
× Φ,iij(χ′)Φ,jk(χ′′)Φ,k(χ′′′) .
(3.9)
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Both terms are due to the Born approximation. The term on the second line stems from the
1
2Φ,ij(~x
(0))x(1)ix(1)j term in the third order contribution to Φ in (3.3), whereas the term on
line 4 in (3.9) is due to the Φ,i(~x
(0))x(2)i term in (3.3).
3.1.3 Cross correlations
The second-second order contribution to the angular y-κ cross power spectrum due to Born
and lens-lens terms can be derived by taking the ensemble average of the product of the
Fourier space expressions yˆ(2)(~`1) and κˆ
(2)(~`2). Using the results from appendix A, we find
〈yˆ(2)(~`1)κˆ(2)std(~`2)〉 = 4
∫ χH
0
dχydχκ
∫ χy
0
dχ′y
∫ χκ
0
dχ′κ
W y(χy)W
κ(χκ)K(χy, χ
′
y)K(χκ, χ
′
κ)
dA(χy)2dA(χ′y)2dA(χκ)2dA(χ′κ)2
×
∫
d2~`′d2 ~`′′
(2pi)4
|~`′|2~`′(~`1 − ~`′)
[
| ~`′′|2 ~`′′(~`2 − ~`′′) +
(
~`′′(~`2 − ~`′′)
)2]
× 〈φˆ(~`′, χy)φˆ(~`1 − ~`′, χ′y)φˆ( ~`′′, χκ)φˆ(~`2 − ~`′′, χ′κ)〉 ,
(3.10)
where we used the kernel W κ for a source distribution n(z) instead of a single source at
redshift zS . The four-point function on the last line is made up of one connected and three
unconnected terms. The connected term is proportional to the trispectrum (A.7). Under
the Limber approximation this introduces a product of delta functions δD(χy − χ′y)δD(χy −
χκ)δD(χy − χ′κ), setting all comoving distances along the line-of-sight equal. The kernel
K(χ, χ′) is zero for χ ≤ χ′, thus eliminating the contribution from the connected part of
the correlation function. The unconnected part can be decomposed into three products
of two-point functions by Wick’s theorem. Each of the two-point functions yields a delta
function times a power spectrum. The term proportional to δD(χy − χ′y)δD(χκ − χ′κ) is zero
because K(χ, χ) = 0. The term proportional to δD(χy − χ′κ)δD(χ′y − χκ) is zero because
K(χ, χ′)K(χ′, χ) ≡ 0. The only surviving term is proportional to δD(χy − χκ)δD(χ′y − χ′κ),
and upon evaluating the integrals gives for the angular cross power spectrum
〈yˆ(2)(~`1)κˆ(2)std(~`2)〉 = 4(2pi)2δ2D(~`1 + ~`2)
∫ χH
0
dχ
∫ χ
0
dχ′
W y(χ)W κ(χ)K(χ, χ′)2
dA(χ)6dA(χ′)6
∫
d2~`′
(2pi)2
× |~`′|2~`1~`′
(
~`′(~`1 − ~`′)
)2 PΦ( |~`′|
dA(χ)
, χ
)
PΦ
(
|~`1 − ~`′|
dA(χ′)
, χ′
)
.
(3.11)
The derivation for the first-third order contributions proceeds similarly. The connected corre-
lation function drops out for the same reason as in the second-second order case. Furthermore,
terms in the third order expressions for y and κ that include a line-of-sight kernel propor-
tional to K(χ′, χ′′)K(χ′′, χ′′′), i.e., line 5 in (3.7) and line 3 in (3.9), do not contribute to
the power spectra because the kernel is zero for all possible contractions of the correlation
function.
The contribution from the second term in (3.7), i.e., line 4, to the cross power spectrum
is proportional to ∫
d2~`′
(2pi)2
(
~`
1
~`′
)3 PΦ( |~`1|
dA(χ)
, χ
)
PΦ
(
|~`′|
dA(χ′)
, χ′
)
,
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which is zero due to the antisymmetry of the integral under the transformation ~`′ → −~`′ [19].
Hence, only the first Born term in (3.7) contributes to 〈yˆ(1)κˆ(3)〉. We find
〈yˆ(1)(~`1)κˆ(3)std(~`2)〉 = −2(2pi)2δ2D(~`1 + ~`2)
∫ χH
0
dχ
∫ χ
0
dχ′
W y(χ)W κ(χ)K(χ, χ′)2
dA(χ)6dA(χ′)6
×
∫
d2~`′
(2pi)2
|~`1|4
(
~`
1
~`′
)2 PΦ( |~`1|
dA(χ)
, χ
)
PΦ
(
|~`′|
dA(χ′)
, χ′
)
.
(3.12)
Since the only contribution to 〈yˆ(3)κˆ(1)〉 comes from the first term in (3.9), which is identical
to the first term in (3.7) up to an interchange of the kernels W y(χ) and W κ(χ), the cross
power spectra 〈yˆ(3)κˆ(1)〉 and 〈yˆ(1)κˆ(3)〉 are identical.
3.2 Reduced shear
At first order the shear and convergence are related by
κˆ(~`) = T I(~`)γˆI(~`) , T
1(~`) = cos 2φ` , T
2(~`) = sin 2φ` , (3.13)
where φ` is the angle between the two-dimensional wave-vector ~` and some fixed reference
axis. The components of the shear and other polar quantities are labeled by capital Latin
indices. It can be shown that this relation holds exactly up to second order and under the
Limber approximation up to third order; see appendix B for details. In the weak lensing
regime, the measured quantity is not the shear itself but the reduced shear, conventionally
defined as
gI =
γI
1− κ , I = 1, 2 . (3.14)
The definition (3.14) of the reduced shear is based on the assumption that the Jacobi map
(2.3) is symmetric. In general the Jacobi map is not symmetric however, because lens-lens
couplings generate the anti-symmetric contribution ω. Including the anti-symmetric terms in
the Jacobi map, the generalized reduced shear in complex notation is given by (see appendix
C)
g =
γ1 + ıγ2
1− κ+ ıω . (3.15)
Accounting for the reduced shear in the relation (3.13) amounts to replacing the shear γI
with the reduced shear gI . Using (C.8) and expanding systematically in Φ to third order we
can express the observed convergence as
κˆobs = T
I gˆI = T
I
(
γˆ
(1)
I + (γˆ
(2)
std)I + (γˆ
(3)
std)I
+ γˆ
(1)
I ∗ κˆ(1) + γˆ(1)I ∗ κˆ(1) ∗ κˆ(1) + γˆ(1)I ∗ κˆ(2)std + (γˆ(2)std)I ∗ κˆ(1)
+R(ωˆ
(2)
std)IJ ∗ γˆ(1)J
)
+O(Φ4) ,
(3.16)
where ∗ stands for a convolution in Fourier space. As shown in appendix B, the first line
is equivalent to κˆ(1) + κˆ
(2)
std + κˆ
(3)
std, where κˆ
(2)
std and κˆ
(3)
std denote the corrections due to Born
approximation and lens-lens coupling. The second line includes the well known contributions
from the reduced shear [12, 16, 18, 19], while the third line is a novel contribution due to
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second order induced rotations. The sole second order correction due to reduced shear to the
convergence is
κˆ(2)rs (
~`) = [T I(~`)γˆ
(1)
I ∗ κˆ(1)](~`) =
∫
d2~`′
(2pi)2
T I(~`)γˆ
(1)
I (
~`′)κˆ(1)(~`− ~`′)
=
∫
d2~`′
(2pi)2
cos(2φ`′ − 2φ`)κˆ(1)(~`′)κˆ(1)(~`− ~`′) ,
(3.17)
where we used the identity T I(~`)TI(~`′) = cos(2φ`′−2φ`). Since the reduced shear is an intrin-
sic lensing effect, it does not affect the Compton y parameter. The lowest order contribution
to the cross power spectrum is therefore formed by the first order y parameter (2.12) and
second order reduced shear correction (3.17), i.e.,
〈yˆ(1)(~`1)κˆ(2)rs (~`2)〉 = −(2pi)2δ2D(~`1 + ~`2)
∫
dχ
W y(χ) (W κ(χ))2
dA(χ)10
∫
d2~`′
(2pi)2
× |~`1|2|~`′|2|~`2 − ~`′|2 cos(2φ`′ − 2φ`2)BΦ
(
|~`1|
dA(χ)
,
|~`′|
dA(χ)
,
|~`2 − ~`′|
dA(χ)
)
,
(3.18)
where we used the definition (A.6) of the bispectrum. Unlike in the case of the Born and lens-
lens terms, there is a third order contribution to the cross power spectrum. As a consistency
check, one can show that upon replacing W y by W κ, and using the fact that to first order
the convergence is the same as the E-mode of the shear, one recovers the expression for the
correction to the E-mode shear due to reduced shear in [16].
To analyze the first-third order contributions, we split the third order contribution to
the convergence due to the reduced shear in (3.16) into three components
κˆ(3,A)rs (
~`) = T I(~`)[γˆ
(1)
I ∗ κˆ(1) ∗ κˆ(1)](~`) , (3.19a)
κˆ(3,B)rs (
~`) = T I(~`)[γˆ
(1)
I ∗ κˆ(2)std + (γˆ(2)std)I ∗ κˆ(1)](~`) , (3.19b)
κˆ(3,C)rs (
~`) = T I(~`)[R(ωˆ
(2)
std)IJ ∗ γˆ(1)J ](~`) . (3.19c)
The cross power spectrum of κˆ
(3,A)
rs with y is then
〈yˆ(1)(~`1)κˆ(3,A)rs (~`2)〉 =
∫
dχy
W y(χy)
dA(χy)2
3∏
i=1
dχi
W κ(χi)
dA(χi)2
∫
d2~`′d2 ~`′′
(2pi)4
cos(2φ`2 − 2φ`′)
× |~`1|2|~`′|2| ~`′′|2|~`2 − ~`′ − ~`′′|2
× 〈φˆ(~`1, χy)φˆ(~`′, χ1)φˆ( ~`′′, χ2)φˆ(~`2 − ~`′ − ~`′′, χ3)〉 .
(3.20)
Because the line-of-sight integral does not include the kernel K(χ, χ′), like in the case of the
third order cross power spectrum (3.18), the connected part of the four-point function does
not vanish. The connected and unconnected contributions to the cross power spectrum are
– 9 –
found to be
〈yˆ(1)(~`1)κˆ(3,A)rs (~`2)〉c = (2pi)2δ2D
(
~`
1 + ~`2
)∫
dχ
W y(χ)W κ(χ)3
dA(χ)14
∫
d2~`′d2 ~`′′
(2pi)4
cos(2φ`2 − 2φ`′)
× |~`1|2|~`′|2| ~`′′|2|~`1 + ~`′ + ~`′′|2TΦ
(
~`
1
dA(χ)
,
~`′
dA(χ)
,
~`′′
dA(χ)
,−
~`
1 + ~`′ + ~`′′
dA(χ)
, χ
)
(3.21a)
〈yˆ(1)(~`1)κˆ(3,A)rs (~`2)〉g = 〈yˆ(1)(~`1)κˆ(1)(~`2)〉
∫
d2~`′
(2pi)2
Cκκ,2`′ , (3.21b)
where the connected and unconnected parts are denoted by the subscript c and g, respectively.
For the derivation of the connected part we have used the definition of the trispectrum A.7.
Replacing the kernel W y by W κ we recover again the same expression as found in [19].
The two other third order contributions to the convergence due the reduced shear (3.19b)
and (3.19c) involve second order Born and lens-lens corrections, i.e., include the coupling
kernel K(χ, χ′) in their line-of-sight integrals. Hence, only their unconnected parts contribute
to the cross power spectrum. The derivation proceeds as for the other terms discussed so
far, albeit with somewhat more complicated expressions, as there are now two contractions
of the four-point function that survive. The contribution involving κˆ
(3,B)
rs is
〈yˆ(1)(~`1)κˆ(3,B)rs (~`2)〉 = −2(2pi)2δ2D
(
~`
1 + ~`2
)∫
dχdχ′
W y(χ)W κ(χ′)
dA(χ)6dA(χ′)6
∫
d2~`′
(2pi)2
× |~`1|2|~`′|2~`1~`′PΦ
(
|~`1|
dA(χ)
, χ
)
PΦ
(
|~`′|
dA(χ′)
, χ′
)
×
{
cos(2φ`2 − 2φ`′)~`1~`′
[
W κ(χ)K(χ, χ′) +W κ(χ′)K(χ′, χ)
]
cos(2φ`2 − 2φ~`′+~`1)
[
~`
1(~`′ + ~`1)W κ(χ)K(χ, χ′) + ~`′(~`′ + ~`1)W κ(χ′)K(χ′, χ)
]}
.
(3.22)
The azimuthal integral of the third line can be done analytically and is equal to pi2 . Note
that our result differs from that obtained in [19] by an extra factor of cos(2φ`2 − 2φ~`′+~`1) on
fourth line.
Using the definition of the matrix R(ω) in (C.9), the contribution κˆ
(3,C)
rs can be written
as
κˆ(3,C)rs (
~`) = T 1(~`)[γ
(1)
2 ∗ ωˆ(2)std](~`)− T 2(~`)[γ(1)1 ∗ ωˆ(2)std](~`)
=
∫
d2~`′
(2pi)2
sin(2φ`′ − 2φ`)κˆ(1)(~`′)ωˆ(2)std(~`− ~`′) .
(3.23)
The cross power spectrum is therefore
〈yˆ(1)(~`1)κˆ(3,C)rs (~`2)〉 = −2(2pi)2δ2D
(
~`
1 + ~`2
)∫
dχdχ′
W y(χ)W κ(χ′)
dA(χ)6dA(χ′)6
∫
d2~`′
(2pi)2
× |~`1|3|~`′|3~`1~`′ sin(φ`2 − φ`′) sin(2φ`′ − 2φ`2)PΦ
(
|~`1|
dA(χ)
, χ
)
PΦ
(
|~`′|
dA(χ′)
, χ′
)
× [W κ(χ)K(χ, χ′) +W κ(χ′)K(χ′, χ)] .
(3.24)
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The mode coupling term can be reduced to |~`1|4|~`′|4 sin(2φ`′−2φ`2 )
2
2 . The azimuthal integral
then evaluates to pi2 . The contributions from κˆ
(3,C)
rs and from the first term in κˆ
(3,B)
rs are
therefore identical.
Finally, we find the only second-second order contribution due to the reduced shear to
the cross power spectrum to be
〈yˆ(2)(~`1)κˆ(2)rs (~`2)〉 = −2(2pi)2δ2D
(
~`
1 + ~`2
)∫
dχdχ′
W y(χ)K(χ, χ′)W κ(χ)W κ(χ′)
dA(χ)6dA(χ′)6
∫
d2~`′
(2pi)2
× |~`′|4|~`1 − ~`′|2
[
~`′
(
~`
1 − ~`′
)]
PΦ
(
|~`′|
dA(χ)
, χ
)
PΦ
(
|~`1 − ~`′|
dA(χ′)
, χ′
)
×
[
cos(2φ`2 − 2φ~`′) + cos(2φ`2 − 2φ~`1−~`′)
]
.
(3.25)
The dominant contribution is the third order correction (3.18), by virtue of being of a lower
order than the other contributions considered in this work, which are all of fourth order.
3.3 Redshift distortions
The comoving line-of-sight distance to a source is usually not an observable quantity. Instead
it is derived from the measured redshift, which is affected by the peculiar motions of the source
and observer, Sachs-Wolf, and integrated Sachs-Wolf effects. The second order contribution
to the convergence due to a perturbation of the cosmological redshift is
κ(2)z (χ) =
dκ(1)(χ)
dz
δz(1) =
dκ(1)(χ)
dχ
dχ
dz
δz(1) . (3.26)
The dependence of the convergence on comoving distance of the source is
dκ(1)(χ)
dχ
=
1
dA(χ)2
∫ χ
0
dχ′
Φ,ii(χ
′)
dA(χ′)2
, (3.27)
while the redshift perturbation due to peculiar motion of the source, Sachs-Wolf, and inte-
grated Sachs-Wolf effects is given by [20]
δz(1) =
1
a
(
−2
∫ χ
0
dχ′
∂Φ(χ′)
∂χ′
+ Φ(χ)− niv(1)i (χ)
)
, (3.28)
where the potential at the observer and the peculiar motion of the observer have been set to
zero, as they would only contribute at the very large scales. The peculiar motion from first
order perturbation theory is [22]
v
(1)
i (χ) = −
2a
3H20 Ωm
∂i
(
−∂Φ(χ
′)
∂χ′
+H(χ)Φ(χ)
)
. (3.29)
From (3.28) and (3.29) we can already see that only the term corresponding to the peculiar
motion would contribute appreciably as it involves an angular derivative. Restricting our-
selves to the contribution due to the peculiar motion, the second order convergence can be
written as
κ(2)z (χ) =
−niv(1)i (χ)
H(χ)dA(χ)2
∫ χ
0
dχ′
Φ,ii(χ
′)
dA(χ′)2
. (3.30)
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The photon trajectory ~n projects the peculiar velocity along the line-of-sight, i.e., the angular
derivatives are projected out. Thus all redshift distortions that contribute to (3.26) have only
two angular derivatives and can be safely neglected on small scales.
3.4 Vector modes
In [23] it was shown that fourth order contributions from vector modes to lensing observables
can be of comparable magnitude as other fourth order contributions considered in this work.
It would thus be conceivable that there are large third order contributions involving vector
modes. The lowest order cross correlation that includes vector modes is 〈yˆ(1)(~`1)κˆ(2)v (~`2)〉,
where the second order contribution to the convergence is [23, 33]
κ(2)v (χ) =
∫ χ
0
dχ′K(χ, χ′)njV
j
,ii(χ
′) . (3.31)
The contraction of the line-of-sight direction ~n with the vector potential V i is proportional
to
niV
i(χ) ∝ sinϑ e±ıϕ , (3.32)
where ϑ and ϕ denote the spherical coordinates on the sky. This expression is manifestly
of odd parity and does not contribute if one correlates it with the even parity field y. The
lowest order vector contribution to the cross power spectrum has to be quadratic in the
vector potential. Since the vector potential is already of second order in the scalar potential
Φ, and the lowest vector contribution to y is of third order, there are no fourth order vector
contribution to the cross power spectrum.
4 Discussion
In figure 1 we have plotted the cross power spectrum (2.14) and the various higher order
contributions considered in this work. The underlying non-linear matter power spectrum
was computed with CAMB1, using the best fit Planck cosmological parameters [34]. For
the source redshift distribution n(z) we use the fitting formula of the redshift distribution
of CFHTLenS [35]. We computed the non-linear bispectrum using the fitting formulae of
both [36] and [37]. It was found in [38] that the fitting formula [37] slightly overestimates
the bispectrum on small scales compared to [36]. For clarity, we only show the reduced shear
contribution computed with the fitting formula [36] in figure 1. The relative contributions
to the cross power spectrum due to the third order term (3.18) with both fitting formulae is
shown in figure 2. We find that the third order contribution (3.18) gives the largest correction
to the cross power spectrum. At multipoles of ` ∼ 4000 it begins to dominate over the cosmic
variance
(
(Cyκ` )
2 + Cyy` C
κκ
`
)
/(2`+ 1) [39] and reaches multiple percents of the second order
result (2.14) at multipoles of ` ∼ 104. The fourth order contributions are over an order of
magnitude lower at small scales. Furthermore, the difference between the two fitting formulae
for the bispectrum [36] and [37] are at least an order of magnitude larger on small scales than
the fourth order corrections. It is thus justified to approximate the fourth order contribution
(3.20) by its unconnected part, as it is expected to dominate over the connected part at all
but the smallest scales [19].
1http://camb.info
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Figure 1. The different contributions to the angular cross power spectrum Cyκ` . The first order result
(2.14)(bold blue), third order reduced shear (3.18)(red), fourth order Born and lens-lens terms (3.11)
and (3.12)(cyan), and fourth order reduced shear contributions (3.21), (3.22), (3.24), (3.25) (green).
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Figure 2. The third order contribution (3.18) to the cross power spectrum computed using the
fitting formulae for the bispectrum from [36] and [37]. The corrections begin to dominate over cosmic
variance above ` ∼ 4000.
5 Conclusion
We have calculated all contributions up to fourth order due to weak lensing to the tSZ-lensing
cross correlation in the small angle approximation. We have found that only the third order
term 3.18 due to the reduced shear contributes appreciably. At multipoles of ` ∼ 3000 the
contribution reaches percent level and raises strongly from there. The effect might thus be
observable in future high-resolution surveys, in particular for cluster samples where the tSZ-
lensing cross correlation signal will be measured around clusters and stacked. For upcoming
large-area surveys such as LSST2 and Euclid3, a full-sky treatment will be necessary. As is
2http://www.lsst.org
3http://sci.esa.int/euclid/
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evident from the large amount of terms in even the second order shear in [20, 22], a derivation
to the same order as considered in this work will be a formidable task.
Even though the simple bias model employed in this work is compatible with a halo
model approach [8], a treatment of the corrections considered in this work in the context of
the halo model would be of interest. It should be noted that even within the framework of
the halo model there is still considerable uncertainty in the modelling of the pressure profile,
exemplifying the complications one encounters once baryonic physics are introduced.
Our work can be used to calculate high order lensing corrections to cross correlation
signals using a continuous map other than tSZ. For instance one can envision measuring the
cross correlation between the Cosmic Infrared Background and lower redshift structures.
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A Fourier space identities
Adapting the notation of [40], we define the 2d Fourier transform on the plane perpendicular
to the line-of-sight as
Φ(dA(χ)~θ, χ) =
∫
d2~`′
(2pi)2
φˆ(~`′, χ)eı~`′~θ , (A.1)
with the angular transform of the field Φ given by
φˆ(~`, χ) =
∫
dk3
2pi
1
dA(χ)2
Φˆ
(
~`
dA(χ)
, k3
)
eık3χ . (A.2)
The higher order expressions for y and κ involve products of the potential Φ. In Fourier
space, these products become convolutions. For two fields F and G we have
[̂FG](~`) =
[
Fˆ ∗ Gˆ
]
(~`) =
∫
d2~`′
(2pi)2
Fˆ (~`′)Gˆ(~`− ~`′) . (A.3)
This generalizes straightforwardly to the case of three fields F,G, and K as
̂[FGK](~`) =
[
Fˆ ∗ Gˆ ∗ Kˆ
]
(~`) =
∫
d2~`′d2 ~`′′
(2pi)4
Fˆ (~`′)Gˆ( ~`′′)Kˆ(~`− ~`′ − ~`′′) . (A.4)
The two point correlation function of the fields φˆ(~`, χ) is directly related to the power spec-
trum of the potential Φ. Assuming homogeneity, isotropy, and using the Limber approxima-
tion [28, 29], i.e., assuming that |~`|  k3, thus justifying neglecting the longitudinal modes,
the two point function can be written as
〈φˆ(~`1, χ1)φˆ(~`2, χ2)〉 = (2pi)2δD(χ1 − χ2)δD(~`1 + ~`2)Cφφ`
= (2pi)2δD(χ1 − χ2)
δ2D
(
~`
1 + ~`2
)
dA(χ1)2
PΦ
(
|~`1|
dA(χ1)
, χ1
)
.
(A.5)
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Similarly, the three-point function of φˆ(~`, χ) is related to the bispectrum BΦ(~k1,~k2,~k3, χ) by
〈φˆ(~`1, χ1)φˆ(~`2, χ2)φˆ(~`3, χ3)〉 = (2pi)2δD(χ1 − χ2)δD(χ1 − χ3)
δ2D
(
~`
1 + ~`2 + ~`3
)
dA(χ1)4
× BΦ
(
|~`1|
dA(χ1)
,
|~`2|
dA(χ1)
,
|~`3|
dA(χ1)
, χ1
)
. (A.6)
The four-point function can be expressed in terms of the trispectrum as
〈φˆ(~`1, χ1)φˆ(~`2, χ2)φˆ(~`3, χ3)φˆ(~`4, χ4)〉 = (2pi)2δD(χ1 − χ2)δD(χ1 − χ3)δD(χ1 − χ4)
×
δ2D
(
~`
1 + ~`2 + ~`3 + ~`4
)
dA(χ1)6
× TΦ
(
|~`1|
dA(χ1)
,
|~`2|
dA(χ1)
,
|~`3|
dA(χ1)
,
|~`4|
dA(χ1)
, χ1
)
.
(A.7)
Using the definition of the Fourier transform (A.1), partial derivatives with respect to co-
moving transverse coordinates can be written as
Φ,i1...iN (dA(χ)
~θ, χ) =
∫
d2~`′
(2pi)2
ıN
dA(χ)N
`′i1 . . . `
′
iN φˆ(
~`′, χ)eı~`′~θ . (A.8)
B Convergence - shear relation
In this appendix we show that the relation (3.13) holds even beyond first order, justifying the
use of the convergence as the fundamental quantity instead of the shear. The second order
expressions of the convergence and shear due to Born approximation and lens-lens couplings
in Fourier space are
κˆ
(2)
std(
~`, χ) = −2
∫ χ
0
dχ′
∫ χ′
0
dχ′′
K(χ, χ′)K(χ′, χ′′)
dA(χ′)2dA(χ′′)2
×
∫
d2~`′
(2pi)2
|~`′||~`| cos(φ` − φ`′)
[
~`′(~`− ~`′)
]
φˆ(~`′, χ′)φˆ(~`− ~`′, χ′′)
(B.1)
and
(γˆ
(2)
std)I(
~`, χ) = −2
∫ χ
0
dχ′
∫ χ′
0
dχ′′
K(χ, χ′)K(χ′, χ′′)
dA(χ′)2dA(χ′′)2
×
∫
d2~`′
(2pi)2
|~`′||~`|UI(~`, ~`′)
[
~`′(~`− ~`′)
]
φˆ(~`′, χ′)φˆ(~`− ~`′, χ′′) ,
(B.2)
where the couplings UI are given by
U1(~`, ~`′) = cos(φ` + φ`′) , U2(~`, ~`′) = sin(φ` + φ`′) . (B.3)
Using the identity
T I(~`)UI(~`, ~`′) = cos(φ` − φ`′) , (B.4)
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where T I is given in (3.13), we have thus shown that κˆ
(2)
std = T
I(γˆ
(2)
std)I .
Generally, the relation does not hold anymore at third order. As we are only concerned
with correlation functions in this work, it is sufficient to show that the relation holds within
correlation functions, i.e., 〈yˆ(1)κˆ(3)std〉 = 〈yˆ(1)T I(γˆ(3)std)I〉. To do so we first note that the third
term in the third order expression for the convergence (3.7) does not contribute to the
correlation function under the Limber approximation. This also applies to the third order
shear, since the line-of-sight integrals are the same for both the convergence and the shear.
The mode coupling terms of the angular cross power spectra are
〈yˆ(1)(~`1)κˆ(3)std(~`2)〉 ∝
∫
d2~`′
(2pi)2
(
| ~`2|2 + 2 ~`2~`′
)
|~`1|2
[
~`
2
~`′
]2
(B.5)
and
〈yˆ(1)(~`1)T I(~`2)(γˆ(3)std)I(~`2)〉 ∝ T I(~`2)
∫
d2~`′
(2pi)2
(
| ~`2|2TI(~`2)− 2| ~`2||~`′|UI(~`2, ~`′)
)
|~`1|2
[
~`
2
~`′
]2
.
(B.6)
Applying the two identities T I(~`)TI(~`′) = cos(2φ`′−2φ`) and (B.4) we see that the two above
expressions are equal. We have thus proven that it is justified to use the convergence in cross
power spectra instead of terms of the from T I(~`)γˆI(~`), up to third order. To second order,
the relation κˆ = T I γˆI even holds exactly.
C Induced rotation
Let S(~θ) be the surface brightness distribution of an extended source. The first and second
moment of the brightness distributions are then defined as [41]
θ0i =
∫
d2~θ θiS(~θ)∫
d2~θ S(~θ)
(C.1a)
Qij =
∫
d2~θ (θi − θ0i )(θj − θ0j )S(~θ)∫
d2~θ S(~θ)
. (C.1b)
Following [42], we introduce the complex ellipticity parameter
 =
Q11 −Q22 + 2ıQ12
Q11 +Q22 + 2
√
Q11Q22 −Q212
. (C.2)
For an elliptical source with semi major and minor axis a and b, rotated by an angle α with
respect to a fixed coordinate system, the ellipticity parameter (C.2) is given by
 =
a− b
a+ b
e2ıα . (C.3)
The Jacobi map (2.3) relates an infinitesimal distance on the source plane to an infinitesimal
distance on the image plane by d~θS = A(~θS) d~θO. Assuming the source is sufficiently
small such that the Jacobi map does not vary over the extend of the source, the second
brightness moment (C.1b) of the source QS can be approximately related to the observed
second brightness moment QO by
QS = A QOAT . (C.4)
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We generalize previous work by allowing A(~θ) to have an anti-symmetric part. This anti-
symmetric contribution ω can be thought of as a rotation induced by lens-lens coupling.
Given an elliptical source, the observed ellipticity can be written as
O =
g + S
′
1 + g∗S ′
, (C.5)
where the generalized reduced shear g and rotated source ellipticity S
′
are given by
g =
γ1 + ıγ2
1− κ+ ıω , 
S ′ = S e−2ıϑ , tanϑ =
ω
1− κ . (C.6)
The reduced shear now includes a contribution from the anti-symmetric term ω of the general
Jacobi map. Furthermore, the source ellipticity is rotated by an angle ϑ. However, assuming
the sources are distributed isotropically, this rotation is not observable. In particular, the
ensemble average 〈O〉 = g, i.e. the observed ellipticity remains an unbiased estimator of the
reduced shear despite the rotation ω. In the limit of a symmetric Jacobi map ω → 0 one
recovers eq. (3.2) of [42].
Finally, we express the generalized reduced shear in vector notation to facilitate the use
in section 3.2. The two components are
g1 = <(g) = γ1(1− κ) + γ2ω
(1− κ)2 + ω2 , g2 = =(g) =
γ2(1− κ)− γ1ω
(1− κ)2 + ω2 . (C.7)
Because ω is necessarily of at least second order, the generalized reduced shear to third order
can be written as
gI =
γI
1− κ +R(ω)IJγJ +O(Φ
4) , (C.8)
where the matrix R(ω) is defined as
R(ω)IJ =
(
0 ω
−ω 0
)
. (C.9)
This can be understood as an infinitesimal rotation of the shear by an angle ω.
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